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To blessed memory of Andrey Tyurin
Stability data and t-structures on
a triangulated category
A. Gorodentscev, S. Kuleshov1, A. Rudakov
We propose the notion of stability on a triangulated category
that is a generalization of the T. Bridgeland’s stability data. We
establish connections between stabilities and t-structures on a cat-
egory and as application we get the classification of bounded t-
structures on the category Db(CohP1).
1 Introduction
For quite a number of years the authors believed that certain generalization of stability would
be desirable to use in the context of derived and triangulated categories, but could not come to
the satisfactory definition.
Recently in his article [6], T.Bridgeland, following not so rigorously presented, but inspiring
physical ideas of Michael R. Douglas ([9]) provided the definition of stability for a triangulated
category. Bridgeland also showed how the key properties of stability can be reformulated in this
context and worked on describing all the stabilities for a given category via a kind of moduli space
of stabilities. Although it is not clear to us where the approach to constructing the moduli space
of stabilities proposed by T.Bridgeland will lead, we believe that his definition of the stability
makes the breakthough.
In this paper we propose the definition of stability for a triangulated category or, in short,
t-stability which is the modification and in fact the generalization of the definition given by
T.Bridgeland. We believe we have taken away “unnecessary details” keeping the core features
intact. In short, we exclude all about the “central charge” (in the sense of [6]) from the definition
of t-stability, and we do not demand that the semi-stable subcategories are ordered according
the real numbers assigned to them as indexes. But we keep the way to generalize the Harder-
Narasimhan filtration that was proposed by T.Bridgeland.
We begin in Section 2 reminding the basic properties of the stability for an abelian category.
Section 3 is devoted to the definition of t-stability for a triangulated category. We also discuss
basic properties of t-stability and several basic examples or constructions of a t-stability on a
triangulated (or derived) category.
We show (p. 7) that the natural Gieseker stability for torsion free coherent sheaves extend to
the derived category of coherent sheaves, and that the helix generalization ([11]) of the Beilinson
theorem about the basis of the derived category Db(CohPn) of coherent sheaves on the projective
space Pn ([2]) leads to the remarkable t-stabilities for this category (Proposition 3.7).
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In Section 4 we discuss the Postnikov systems that we start to call in our context by
t-filtrations. We show that the choice of t-stability provides each object with the canonical
Harder-Narasimhan t-filtration and we describe properties of these HN-filtrations.
In Section 5 we develop several methods to connect t-stabilities and t-structures on a category,
as well as to make more coarse or refined t-stabilities.
For the case P1 this enables us to get the full classification of t-stabilities on Db(CohP1)
that we present in Subsection 6.4. As a consequence in Subsection 6.10 we obtain the full list
of bounded t-structures on Db(CohP1) (considered as a triangulated category).
In Section 7 we show how to describe all t-stabilities for coherent sheaves on an elliptic curve.
2 Stability data on abelian categories
We begin with a remark about the stability of coherent sheaves. This notion arose as a tool
for construction moduli spaces of coherent torsion free sheaves on varieties and came from the
invariant theory. The moduli space is obtained as an orbit space for a reductive group action
on a vector space that parameterizes sheaves with fixed topological invariants. In this approach
moduli space points corresponding to closed orbits are well defined. Closed orbits and sheaves
containing in such orbits are called stable. Unfortunately, in many cases the set of stable (closed)
orbits is not compact. To compactify it we should add orbits, whose closure does not contain
the zero vector. Such orbits and corresponding sheaves are called semistable.
There exist numerical criteria of stability for orbits (and sheaves) (see, for example [10, 13],
and [14]). Roughly speaking, we correspond a vector µ(F ) (or, simply, number) to each a torsion
free sheaf F . This vector is called a slope of the sheaf. The criterium says that a torsion free
sheaf F is semistable iff for any nonzero subsheaf E ⊂ F we have µ(E) 6 µ(F ) (the vectors are
compared lexicographically). The stability of a sheaf F means that F is semistable and simple
(i.e. Hom (F,F ) = C).
As a rule, each a component of a vector slope is a ratio of additive functions on K0(Coh ),
the Grothendieck group of a coherent sheaves category. Therefore slope satisfies the following
seesaw condition:
for an exact sequence of torsion free sheaves
0 −→ E −→ F −→ G −→ 0
we have
µ(E) < µ(F ) ⇔ µ(F ) < µ(G),
µ(E) = µ(F ) ⇔ µ(F ) = µ(G),
µ(E) > µ(F ) ⇔ µ(F ) > µ(G).
Besides the moduli space construction, stability of coherent sheaves have two more useful appli-
cations, following from the seesaw condition:
(i) for any semistable sheaves E and F an inequality µ(E) > µ(F ) implies
Hom (E,F ) = 0;
(ii) any torsion free sheaf X has a canonical Harder–Narasimhan filtration
X =F 0X ✛⊃ F 1X ✛⊃ F 2X ✛⊃ · · · ✛⊃ FnX ✛⊃ Fn+1X= 0 ,
G1
❄❄
G2
❄❄
G3
❄❄
Gn
❄❄
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where each vertical epimorphism is a part of the short exact sequence
0 −→ F iX −→ F i−1X −→ Gi −→ 0
with semistable Gi and µ(Gi) < µ(Gj) whenever i < j.
So, we see that a stability of coherent sheaves gives a powerful filtration but for torsion free
sheaves only. We would like to define a stability in such a way that any nonzero object has a
Harder–Narasimhan filtration. The first abstract definition of stability on an abelian category
was done in [15] as follows.
Definition 2.1. Let us say that a stability structure on an abelian category A is given if there is
a preorder on A such that for an exact sequence of nonzero objects 0 −→ A −→ B −→ C −→ 0
we have the seesaw property:
either A ≺ B ⇔ A ≺ C ⇔ B ≺ C,
or A ≻ B ⇔ A ≻ C ⇔ B ≻ C,
or A ≍ B ⇔ A ≍ C ⇔ B ≍ C.
We’ll call a nonzero object A ∈ A semistable if B  A whenever 0 6= B ⊂ A.
In [15] the following theorem was proved.
Theorem 2.2. 1. If objects A, B are semistable and A ≺ B, then Hom (B,A) = 0.
2. Suppose A is weakly-artinian and weakly-noetherian, then for an object X ∈ A there
exists a unique Harder–Narasimhan filtration
X =F 0X ✛⊃ F 1X ✛⊃ F 2X ✛⊃ · · · ✛⊃ FnX ✛⊃ Fn+1X= 0
G1
❄❄
G2
❄❄
G3
❄❄
Gn
❄❄
with semistable quotients Gi’s such that Gi ≺ Gj whenever i < j.
Thus, having a preorder on an abelian category satisfying the seesaw property and finiteness
conditions, we obtain the set of semistable objects and Harder–Narasimhan filtration for each
object. But there appears a question: how one can order the objects? In all known examples
such an order is obtained with the help of slope. Therefore we propose an abstract definition of
slope on an abelian category, generalizing Bridgeland’s central charge.
Definition 2.3. Let A be an abelian category. A linearly independent system of additive func-
tions (x0, . . . , xr−1) on K0(A) (the Grothendieck group of A) is called positive if for any A ∈ A
the following holds
x0(A) > 0, and
x0(A) = 0⇒ x1(A) > 0, and
x0(A) = x1(A) = 0⇒ x2(A) > 0, and
. . .
x0(A) = · · · = xr−2(A) = 0⇒ xr−1(A) > 0.
(2.1)
If, in addition
x0(A) = · · · = xr−1(A) = 0 ⇒ A = 0,
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the positive system is called a positive base.
Let s = min
i
{xi(A) 6= 0} and
γ(A) =

1, . . . , 1︸ ︷︷ ︸
s
, ν
(
−
xs+1(A)
xs(A)
)
, ν
(
−
xs+2(A)
xs(A)
)
, . . . , ν
(
−
xr−1(A)
xs(A)
) ,
where
ν
(a
b
)
=
{
1
pi
arcctg a
b
, b > 0,
1 b = 0.
We call γ(A) the slope of an object A ∈ A, determined by the positive system (x0, . . . , xr−1) (not
necessary a base).
For example, the base (rk,deg) on the category CohC of coherent sheaves on a smooth
algebraic curve C has the positivity property, the base (rk,deg, χ(ØS , ·)) on the category CohS
of coherent sheaves on a smooth algebraic surface S with Picard’s number 1 has the positivity
property as well.
Since the slope γ is formed via additive functions onK0(A), the ordering induced by γ (A  B
⇔ γ(A) 6 γ(B)) satisfies the seesaw property. Therefore, we obtain a stability structure and,
consequently, Harder–Narasimhan filtration for each object.
Another way to consider stability on an abelian category is to take the properties (i) and (ii)
above as a definition. Namely,
Definition 2.4. Let A be an abelian category and Φ be a linearly ordered set. Suppose that for
any ϕ ∈ Φ a subcategory Πϕ ⊂ A is determined and Πϕ are closed under extensions. If the
following properties are valid
(i) HomA(Πϕ′ ,Πϕ′′) = 0 for ϕ
′ > ϕ′′;
(ii) each nonzero object X ∈ A has a Harder–Narasimhan filtration
X =F 0X ✛⊃ F 1X ✛⊃ F 2X ✛⊃ · · · ✛⊃ FnX ✛⊃ Fn+1X= 0
G1
❄❄
G2
❄❄
G3
❄❄
Gn
❄❄
with Gi = F
iX/F i+1X ∈ Πϕi and ϕi < ϕj for i < j;
then we call the data (Φ, {Πϕ}ϕ∈Φ) stability data (or stability) on A.
Thus we come to three definitions of stability on an abelian category:
1. via ordering objects (let us call it order-stability);
2. via base of K∗(A) with positivity property (slope-stability);
3. via collection of semistable categories (stability data).
It is obvious, that any slope-stability on an abelian category induces an order-stability, and
the last one induces a stability data. But we don’t know: if one can reconstruct the slope-
stability (or the order-stability) starting with given stability data on an abelian category. The
question is interesting.
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3 Definition and basic examples
In Section 2 we considered a stability on an abelian categories. Keeping in mind the three
definitions, we see that the best for extending a stability on a triangulated category is the last
one (def. 2.4). We need the generalization of the Harder–Narasimhan filtration to a triangulated
category. The first step in this direction was done by T. Bridgeland in [6]. We modify the
Bridgeland’s definition of stability data, and exclude any reference to a central charge in order
to make them more general.
The classical notion of a filtration is based on subobjects and quotients. For a triangulated
category Bridgeland proposed a natural generalization ([6]), namely a Postnikov’s system
Xϕ0 Xϕ1 Xϕn
X =F 0X ✛
p1
q 0✲
F 1X ✛
p2
q 1✲✲
F 2X ✛
✲
· · · ✛ FnX ✛
pn+1
qn✲
Fn+1X = 0
✲
(where each a triangle
Xϕi
F iX ✛
p
q ✲
F i+1X
✲
is distinguished). We call such a system a filtration
of an object X in a triangulated category or in short ”t-filtration”. It is natural to call the
objects Xi quotients and F
iX terms of the t-filtration. Often we need information only about
quotients of a t-filtration on X. In this case we write: X  (X0,X1, . . . ,Xn) as a notation
for the t-filtration.
We are ready to formulate the main definition.
Definition 3.1. Let T be a triangulated category, Φ be a linearly ordered set. Suppose that for
each ϕ ∈ Φ a strongly full, extension-closed2 nonempty subcategory Πϕ ⊂ T is defined. The pair
(Φ, {Πϕ}ϕ∈Φ) is called stability data (or simply t-stability) if
1. the shift of the triangulated category acts on the set {Πϕ}ϕ∈Φ in the following sense: there
exists τ ∈ AutΦ such that Πϕ[1] = Πτ(ϕ) and τ(ϕ) > ϕ;
2. ∀ψ > ϕ ∈ Φ Hom60(Πψ,Πϕ) = 0;
3. for any nonzero object X ∈ T there exists a finite Postnikov’s system:
Xϕ0 Xϕ1 Xϕn
X =F 0X ✛
p1
q 0✲
F 1X ✛
p2
q 1✲✲
F 2X ✛
✲
· · · ✛ FnX ✛
pn+1
qn✲
Fn+1X = 0
✲
with nonzero Xϕi ∈ Πϕi and ϕi < ϕi+1.
We shall call such a system Harder–Narasimhan system (HN-system or HN-filtration) of X, the
objects Xϕi are Φ-semistable quotients (w.r.t stability data (Φ, {Πϕ}ϕ∈Φ)), the subcategories Πϕ
are semistable subcategories of slope ϕ.
Fairly often we denote stability data (Φ, {Πϕ}ϕ∈Φ) simply by Φ.
2An extension-closed subcategory A ⊂ T means that whenever A −→ B −→ C −→ A[1] is a distinguished
triangle, with A ∈ A and C ∈ A, then B ∈ A also.
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To construct some trivial, but important examples, recall ([8]) that a t-structure on a trian-
gulated category T is a pair
(
D60,D>0
)
of strictly full subcategories, satisfying the following
conditions:
1. D60 ⊂ D60[−1] and D>0 ⊃ D>0[−1];
2. Hom 0(D60,D>0[−1]) = 0;
3. ∀X ∈ T there exists a distinguished triangle
X>1
X ✛
p
q ✲
X60
✲
with X>1 ∈ D
>0[−1] and X60 ∈ D
60.
If the following property holds, then the t-structure is called bounded ([6]):
4) ∀X ∈ T ∃m, n ∈ Z such that X ∈ D>0[−m] ∩D60[−n]
We shall use the standard notation: D6n = D60[−n] and D>n = D>0[−n].
Lemma 3.2. Suppose
(
D60,D>0
)
is a t-structure on T such that D60 = D61 = D60[−1],
D>0 = D>1 = D>0[−1]. Let
Φ = {0, 1}, Π0 = D
>0[−1], Π1 = D
60, τ(0) = 0, τ(1) = 1.
Then (Φ, {Πϕ}ϕ∈Φ) determines stability data on T .
Proof follows immediately from the definitions. 
Lemma 3.3. Let (D60,D>0) be a bounded t-structure on a triangulated category T .
Let Πi = A[i] = D
6−i ∩D>−i, then (Z, {Πi}i∈Z) makes stability data on T .
Proof can go as follows:
Notice that if p < q, then Hom60(D6−p,D>−q) = 0.
Since the t-structure (D60,D>0) is bounded, then for each nonzero object X ⊂ T there
exist n+(X) > n−(X) ∈ Z such that
Hom 0(X,D>−n−(X)) 6= 0, Hom60(X,D>−n) = 0 for n < n−(X);
Hom 0(D6−n+(X),X) 6= 0, Hom 0(D6−k,X) = 0 for k > n+(X).
Denote n−(X) by n0 and consider a distinguished triangle
X0
X ✛
✲
Y0
✲
with X0 ∈ D
>−n0 , Y0 ∈ D
6−(n0+1) (it exists by the definition of t-structure). Clearly we
get
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• Hom60(Y0,X0) = 0;
• X0 6= 0;
• X0 ∈ D
>−n0 ∩D6−n0 = Πn0 ,
and Y0 serves as the first term of the Harder–Narasimhan filtration.
Now one can finish the proof by induction. 
We would like to note that Definition 2.4 and Lemma 3.3 allow us to extend a stability from
an abelian category A onto the bounded derived category of A. Let us formulate slightly more
general fact.
Proposition 3.4. Let T be a triangulated category with a bounded t-structure (D>0,D60) (t-
category). Suppose that on the core A = D>0∩D60 of the t-structure stability data (Φ, {Πϕ}ϕ∈Φ)
are given. Consider the set Ψ = Z × Φ with the lexicographic order by Ψ put P(i,ϕ) = Πϕ[i].
Then
(
Ψ, {P(i,ϕ)}(i,ϕ)∈Ψ
)
constitutes stability data on the category T .
Proof. There is only one non-obvious moment in the proof. Namely, the existence of the finite
HN-system for each nonzero object. But this follows directly from Definition 2.4 of stability data
on an abelian category, Lemma 3.3 and Proposition 4.3 that we prove in the next section. 
Corollary 3.5. Any stability structure (Φ, {Πϕ}ϕ∈Φ) on an abelian category A induces a t-
stability
(
Z× Φ, {Πϕ[i]}(i,ϕ)∈Z×Φ
)
on the bounded derived category Db(A).
It was be shown in article [15] that Gieseker stability of torsion free coherent sheaves on a
projective variety X one can extend to a stability structure on the category CohX of all coherent
sheaves on X. Therefore due to the previous corollary we have an extension of Gieseker stability
to a t-stability on the bounded derived category Db(CohX). A detailed discussion of this t-
stability is the subject of another article.
The helix generalization ([11]) of the Beilinson theorem about the basis of the derived cat-
egory Db(CohPn) of coherent sheaves on the projective space Pn ([2]) leads to the remarkable
t-stabilities for this category.
Let T be a linear triangulated category, i.e. for any pair of objects X, Y ∈ T the direct
sum
⊕
j
Hom j(X,Y ) is a finite dimensional graded vector space. Recall that an object E ∈ T
is called exceptional, if Hom •(E,E) is 1-dimension algebra generated by the identity map.
An ordered collection of exceptional objects (E0, E1, . . . , En) is called exceptional, whenever
Hom •(Ej , Ei) = 0 ∀ i < j. We say that the category T is generated by the exceptional collec-
tion, if the smallest full triangulated subcategory containing all “linear combinations”
⊕
V •i ⊗Ei,
where V •i are graded vector spaces, coincides with T . Here for a graded vector space V
• and an
object X ∈ T we denote by V • ⊗X the direct sum
⊕
j
V j ⊗X[−j].
For example, the bounded derived category Db(CohPn) is generated by the exceptional
collection (Ø(k),Ø(k + 1), . . . ,Ø(k + n)), where k is an arbitrary integer number and Ø(m)
means the line bundle on Pn of degree m.
In this notation we formulate theorem ([11]) generalizing the Beilinson theorem.
Theorem 3.6. Let T be a linear triangulated category, generated by an exceptional collection
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(E0, E1, . . . , En). Then for any object X ∈ T there exists a canonical Postnikov system
V •0 ⊗ E0 V
•
1 ⊗ E1 V
•
n ⊗ En
X ✛
✲
F 1X ✛
✲✲
F 2X ✛
✲
· · · ✛ FnX ✛
✲
0
✲
Under the assumption of Theorem 3.6 let us denote by Υi the full extension-closed subcate-
gory in T , generated by objects Ei[z] with z ∈ Z.
Since the collection (E0, E1, . . . , En) is exceptional, the subcategories Υi satisfy the property
Hom60(Υj ,Υi) = 0 whenever j > i. Taking into account Theorem 3.6, we obtain stability data
on T . More exactly the following proposition takes place.
Proposition 3.7. Let T be a linear triangulated category, generated by an exceptional collection
(E0, E1, . . . , En). Then (∆, {Υi}i∈∆) makes stability data on T , where ∆ is the natural ordering
set {0, 1, . . . , n}.
In the next section we show that HN-system has the familiar properties of the Harder–
Narasimhan filtration defined for coherent sheaves in respect to Gieseker or Mumford–Takemoto
stability.
4 Properties of HN-system
We fix stability data (Φ, {Πϕ}ϕ∈Φ) on a triangulated category T . The important property of
HN-system is that it is a canonical t-filtration.
Theorem 4.1. The HN-system for any object X ∈ T is determined up to a unique isomorphism
of Postnikov’s systems.
Proof. Let
Xϕ0 Xϕ1 Xϕn
X =F 0X ✛
p1
q 0✲
F 1X ✛
p2
q 1✲✲
F 2X ✛
✲
· · · ✛ FnX ✛
pn+1
qn✲
Fn+1X = 0
✲
(4.1)
and
Xψ0 Xψ1 Xψm
X =Q0X ✛
p′1
q
′
0✲
Q1X ✛
p′2
q
′
1✲✲
Q2X ✛
✲
· · · ✛ QmX ✛
p′m+1
q
′
m✲
Qm+1X = 0
✲
(4.2)
be two HN-systems for an object X ∈ T . We have show that n = m, ϕi = ψi ∀ i, and the
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identical morphism idX ∈ Hom T (X,X) induces a unique isomorphism of t-filtrations:
Xϕ0 Xϕ1 Xϕn
X ✛
q 0
✲
F 1X ✛
q 1
✲
✲
F 2X
✲
· · · FnX ✛
qn
✲
Fn+1X
✲
Xψ0
∼=
❄
Xψ1
∼=
❄
Xψn
∼=
❄
X
idX ∼=
❄
✛
q
′
0
✲
Q1X
∼=
❄
✛
q
′
1
✲
✲
Q2X
∼=
❄
✲
· · · QnX
∼=
❄
✛
q
′
n
✲
Qn+1X
∼=
❄
✲
To do this we prove some additional properties of HN-systems:
Proposition 4.2. Let
Xϕ0 Xϕ1 Xϕn
X =F 0X ✛
✲
F 1X ✛
✲✲
F 2X ✛
✲
· · · ✛ FnX ✛
✲
Fn+1X= 0
✲
be a HN-system for X. Then
1. Hom60(X,Πϕ) = 0 whenever ϕ < ϕ0,
2. Hom60(F iX,Πϕ) = 0 whenever ϕ 6 ϕi,
3. Hom60(Πψ,X) = 0 whenever ψ > ϕn;
4. if
Yψ0 Yψ1 Yψm
Y =F 0Y ✛
✲
F 1Y ✛
✲✲
F 2Y ✛
✲
· · · ✛ FmY ✛
✲
Fm+1Y= 0
✲
is a HN-system for Y such that ϕn < ψ0, then Hom
60(Y,X) = 0.
Proof of the proposition is easy obtained via the application of functors Hom (·,Πϕ),
Hom (Πψ, ·), and Hom (Y, ·) to each of the triangle
Xϕi
F iX ✛
✲
F i+1X
✲
.
One should notice that FnX ∈ Πϕn . We leave the details to the reader. 
Returning to the proof of the theorem, consider the first triangle of HN-system (4.1) for X
and any Y ∈ Πϕ0 . Applying the functor Hom (·, Y ) to the triangle, we have
Hom−1(F 1X,Y ) −→ Hom 0(Xϕ0 , Y )
hY−−→ Hom 0(X,Y ) −→ Hom 0(F 1X,Y ) .
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It follows from Proposition 4.2 (2), that the very left and right terms of the above exact sequence
are zero. Hence,
Hom 0(Xϕ0 , Y )
∼= Hom 0(X,Y ) ∀Y ∈ Πϕ0 . (4.3)
In other words, the object Xϕ0 represents the functor Hom
0(X, ·) : Πϕ0 −→ Vect.
Let us substitute Xϕ0 for Y in (4.3) and denote the morphism hXϕ0 (idXϕ0 ) ∈ Hom
0(X,Xϕ0)
by q0. It can be shown in the usual way (see, for example, [8, Lemma IV.4.5]) that the distin-
guished triangle
Xϕ0
X ✛
q 0✲
F 1X
✲
,
where Xϕ0 ∈ Πϕ0 and Hom
60(F 1X,Xϕ0) = 0, is determined up to a unique isomorphism of
triangles.
Note that q0 6= 0. Therefore, Hom
0(X,Πϕ0) 6= 0. Further, starting with the first triangle
of HN-system (4.2), we get Hom 0(X,Xψ0) 6= 0. Applying now Proposition 4.2 (1) to X, Πϕ0
and Πψ0 , we conclude that ϕ0 = ψ0. Moreover, it follows from the uniqueness of the object
representing a functor, that the identical map idX ∈ Hom T (X,X) extends to a canonical
isomorphism of triangles:
Xϕ0
∼
∃!
✲ Xψ0
X
∼
idX
✲
✛
q
0
X
q
′
0
✲
F 1X
❄
∼
∃!
✲
✲
Q1X
❄
✛
The rest of the proof is done by induction. 
The last proposition that we prove in this section deals with properties of a general
t-filtration.
Proposition 4.3.
1. Let X has a t-filtration X  (Y0, Y1, . . . , Yn) and each Ys has one too
Ys  (X(s,0), . . . ,X(s,ks)) ∀ s. Then one can construct a combined t-filtration
X  (X(0,0), . . . ,X(0,k0),X(1,0), . . . ,X(1,k1), . . . ,X(n,0), . . . ,X(n,kn)).
2. Let
X  (X(0,0), . . . ,X(0,k0),X(1,0), . . . ,X(1,k1), . . . ,X(n,0), . . . ,X(n,kn))
be a t-filtration. Then there exist t-filtrations X  (Y0, Y1, . . . , Yn) and
Ys  (X(s,0), . . . ,X(s,ks)) for each s.
3. Let X  (X0,X1, . . . ,Xn) and Y  (Y0, Y1, . . . , Ym) be t-filtrations. Then for each shuffle
permutation of the quotients, i.e. linear ordering of the set
{Zs}s=0,...,n+m+1 = {Xi}i=0,1...,n
⊔
{Yj}j=0,...,m
that respects the initial orders on {Xi}i=0,1...,n and {Yj}j=0,...,m there exists a t-filtration
X ⊕ Y  (Z0, Z1, . . . , Zn+m+1).
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Proof. We start with the second statement. Let t-filtration for X in the statement be deter-
mined by the sequence of distinguished triangles:
X(i,j)
F (i,j)X ✛
p(i,j+1)
✲
F (i,j+1)X
✲
, where i = 0, . . . , n; j = 0, . . . , ki − 1; and
X(i,ki)
F (i,ki)X ✛
p(i+1,0)
✲
F (i+1,0)X
✲
, where i = 0, . . . , n;
F (0,0)X = X; and F (n+1,0)X = 0.
Denote the composition p(i+1,0)p(i,ki) · · · p(i,1) : F
(i+1,0)X −→ F (i,0)X by pi. In these nota-
tions we have got a new filtration for X that consists of triangles:
Yi
F (i,0)X ✛
pi
✲
F (i+1,0)X
✲
.
Therefore, we need to show that for any i = 0, . . . , n there exists a t-filtration
Yi  (X(i,0), . . . ,X(i,ki)).
It is clear that there is a t-filtration
F (i,0)X  (X(i,0), . . . ,X(i,ki),X(i+1,0), . . . ,X(n,kn))
and the statement follows from the lemma:
Lemma 4.4. Let
Z0 Z1 Zm
Z = F 0Z ✛
h1
✲
F 1Z ✛
h2
✲✲
F 2Z ✛
✲
· · · ✛ FmZ ✛
hm+1
✲
Fm+1Z = 0
✲
be a t-filtration for an object Z. For each s, 1 6 s 6 m + 1 denote by cs the composition
cs = hshs−1 · · · h1 : F
sZ −→ Z and consider distinguished triangles
Qs
Z ✛
cs
✲
F sZ
✲
.
Then for each s there exists a t-filtration Qs  (Z0, Z1, . . . , Zs−1).
Proof of the lemma is by induction on s. For s = 1 there is nothing to prove. In the general
case consider the diagram of distinguished triangles:
Zs
Qs[−1] ✲ F
sZ
✻
cs✲ Z .
F s+1Z
hs+1
✻
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Applying the octahedron axiom to the diagram
Zs ✲ Qs+1
Qs[−1] ✲
✲
F sZ
✻
cs✲ Z ,
✻
F s+1Z
hs+1
✻
cs+
1
✲
we obtain distinguished triangles:
Qs+1
Z ✛
cs+1
✲
F s+1Z
✲
,
Qs
Qs+1 ✛
✲
Zs
✲
.
By the induction hypothesis, Qs  (Z0, . . . , Zs−1). In particular, we have the first distinguished
triangle of a t-filtration for Qs
Z0
Qs ✛
✲
F 1Qs
✲
and F 1Qs  (Z1, . . . , Zs−1) the rest of the t-filtration. We shall construct the filtration Qs+1  
(Z0, Z1, . . . , Zs−1, Zs).
First we apply to the diagram of distinguished triangles
Z0
Qs+1 ✲ Qs
✻
✲ Zs[1]
F 1Qs
✻
the octahedron axiom:
Z0 ✲ F
1Qs+1[1]
Qs+1 ✲
✲
Qs
✻
✲ Zs[1] ,
✻
F 1Qs
✻ ✲
and get F 1Qs+1 and distinguished triangles
F 1Qs
F 1Qs+1 ✛
✲
Zs
✲
,
Z0
Qs+1 ✛
✲
F 1Qs+1
✲
.
By the induction hypothesis, it follows from the first triangle that there exists a t-filtration
F 1Qs+1  (Z1, . . . , Zs−1, Zs). Therefore, one can include the second triangle into the t-filtration
Z0 Z1 Zs
Qs+1 = F
0Qs+1 ✛
✲
F 1Qs+1 ✛
✲✲
F 2Qs+1 ✛
✲
· · · ✛ F sQs+1 ✛
✲
F s+1Qs+ 1 = 0 .
✲
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This completes the proof of the lemma and the second statement of the proposition. 
Arguing very similarly, one can prove the first statement of the proposition. To prove the
last one, consider the t-filtrations:
X0 X1 Xn
X =F 0X ✛
q 0✲
F 1X ✛
q 1✲✲
F 2X ✛
✲
· · · ✛ FnX ✛
qn✲
Fn+1X = 0
✲
,
Y0 Y1 Ym
Y =F 0Y ✛
p 0✲
F 1Y ✛
p 1✲✲
F 2Y ✛
✲
· · · ✛ FmY ✛
pm✲
Fm+1Y = 0
✲
.
Suppose,
(Z0, . . . , Zn+m+1) = (X0, . . . ,Xi1 , Y0, . . . , Yj1 ,Xi1+1, . . . , ).
One constructs the t-filtration
Z0 Z1 Z2
X ⊕ Y ✛
h 0✲
F 1(X ⊕ Y ) ✛
h1✲✲
F 2(X ⊕ Y ) ✛
h2✲✲
F 3(X ⊕ Y ) ✛
✲
· · ·
in the following way:
h0 = q0 ⊕ 0, . . . , hi1 = qi1 ⊕ 0;
F 1(X ⊕ Y ) = F 1X ⊕ Y, . . . , F i1(X ⊕ Y ) = F i1X ⊕ Y ;
hi1+1 = 0⊕ p0, . . . , hi1+j1 = 0⊕ pj1 ;
F i1+1(X ⊕ Y ) = F i1X ⊕ F 1Y, . . . , F i1+j1(X ⊕ Y ) = F i1X ⊕ F j1Y ;
and so on. 
Corollary 4.5. Let X ∈ T be a semistable object of slope ϕ. If X = X1 ⊕X2 ⊕ · · · ⊕Xk, then
each summand Xi is semistable of slope ϕ as well.
Proof. It is sufficient to prove the statement for k = 2. Consider the HN-systems for the direct
summands
X1  (X1ϕ0 ,X
1
ϕ1
, . . . ,X1ϕn), X
2
 (X2ψ0 ,X
2
ψ1
, . . . ,X2ψm).
Ordering the quotients in compliance with the order on Φ, unless n = m = 0 and ϕ0 = ψ0 one
can construct the nontrivial HN-system for X (see Proposition 4.3) .
But X has only the trivial HN-system because it is semistable (Theorem 4.1). This concludes
the proof. 
5 Connections between t-stabilities and t-structures
It was shown in Section 3 that a bounded t-structure on a triangulated category induces stability
data (Lemma 3.3). On the other hand a t-stability gives a family or collection of t-structures.
Before formulation more exact statement, let us introduce some convenient notations.
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For a subset S of a triangulated category T we denote by 〈S〉 the minimal full extension-closed
subcategory of T , containing the subset S. Note that if we have a t-stability (Φ, {Πϕ}ϕ∈Φ) on T
and Ψ ⊂ Φ, then 〈Πϕ| ϕ ∈ Ψ〉 consists of objects whose have HN-system X  (Xψ0 , . . . ,Xψk )
with ψi ∈ Ψ.
Lemma 5.1. Let (Φ, {Πϕ}ϕ∈Φ) makes stability data on a triangulated category T . Suppose
there exists a decomposition of the set Φ in two disjoint parts: Φ = Φ− ⊔ Φ+ such that for any
ϕ− ∈ Φ− and ϕ+ ∈ Φ+ we have ϕ− < ϕ+. Then the pair of subcategories
T >0 = 〈Πϕ| ϕ ∈ τ(Φ−)〉 , T
60 = 〈Πϕ| ϕ ∈ Φ+〉
defines a t-structure on T (recall that τ is an automorphism of the linearly ordered set Φ, that
corresponds to the shift of T ).
Corollary 5.2. Each element ϕ ∈ Φ gives a t-structure
T >0ϕ = 〈Πψ| ψ 6 τ(ϕ)〉 , T
60
ϕ = 〈Πψ| ψ > ϕ〉 .
Proof of the lemma. Firstly let us recall that by the definition of t-stability Πϕ[−1] = Πτ−1(ϕ)
and τ(ϕ) > ϕ, whence the first axiom of a t-structure is valid:
T 60 ⊂ T 60[−1] and T >0 ⊃ T >0[−1].
Besides Hom60(Πϕ,Πψ) = 0 whenever ϕ > ψ. Therefore the axiom
Hom60(T 60,T >0[−1]) = 0
of a t-structure follows from the statement:
Let S, S′ be subsets of objects of T such that Hom60(X,Y ) = 0 for each X ∈ S and
Y ∈ S′. Then Hom60(〈S〉 , 〈S′〉) = 0,
which is evidently true.
To verify the last axiom consider HN-system for an object 0 6= X ∈ T :
Xϕ0 Xϕ1 Xϕn
X =F 0X ✛
p1
q 0✲
F 1X ✛
p2
q 1✲✲
F 2X ✛
✲
· · · ✛ FnX ✛
pn+1
qn✲
Fn+1X = 0
✲
.
If ϕn ∈ Φ− or ϕ0 ∈ Φ+, then the distinguished triangle of the axiom is trivial. Suppose there
exists k such that ϕk ∈ Φ− and ϕk+1 ∈ Φ+. Completing the morphismX60 = F
k+1X
pk+1pk···p1
−−−−−−−→
X by a cone X>1, we get the needed distinguished triangle
X>1
X ✛
✲
X60
✲
of the axiom (see Proposition 4.3). 
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Remark. Note that the t-structure, constructed above, is bounded if and only if
Φ =

 ⋃
n∈Z>0
τ−n(Φ+)

 and Φ =

 ⋃
n∈Z>0
τn(Φ−)

 .
As a result, we have got the connection between t-structures and t-stabilities on a given
triangulated category.
It is easy to observe, that a given t-structure can be induced by several stability data.
Let us consider a t-stability (Φ, {Πϕ}ϕ∈Φ) on T such that Φ is a disjoin union Φ =
∐
ψ∈Ψ
Φψ
of nonempty subsets with the following properties:
1. if ϕi ∈ Φψi (i = 1, 2) and ϕ1 < ϕ2, then for any ϕ
′
i ∈ Φψi the inequality ϕ
′
1 < ϕ
′
2 holds.
2. ∀ψ ∈ Ψ ∃ψ′ ∈ Ψ such that τ(Φψ) = Φψ′ .
The properties of the disjoin union allow to determine an order on Ψ and τ¯ ∈ Aut(Ψ),
corresponding to τ ∈ Aut(Φ) in the obvious way.
Further we define Pψ for ψ ∈ Ψ as Pψ = 〈Πϕ| ϕ ∈ Φψ〉. The fact that (Ψ, {Pψ}ψ∈Ψ) is a
t-stability follows immediately from the definition and Proposition 4.3.
We have constructed another t-stability (Ψ, {Pψ}ψ∈Ψ), but a t-structure induced by a de-
composition of Ψ, can be obtained also from a decomposition of Φ. The t-stability Φ induces
all t-structures that Ψ does, and more. We would like to say that the stability data Φ are finer
then Ψ, and Ψ are weaker. Generalizing this construction, let us formulate the definition.
Definition 5.3. Let (Φ, {Πϕ}ϕ∈Φ) and (Ψ, {Pψ}ψ∈Ψ) be t-stabilities on a triangulated category
T with automorphisms τΦ and τΨ, corresponding to the shift on T . We say that Φ is finer then
Ψ (and Ψ is weaker then Φ) and denote this by Φ  Ψ if there exists a surjection r : Φ −→ Ψ
such that
1. rτΦ = τΨr;
2. ϕ′ > ϕ′′ ⇔ r(ϕ′) > r(ϕ′′);
3. ∀ψ ∈ Ψ Pψ =
〈
Πϕ| ϕ ∈ r
−1(ψ)
〉
.
Clearly this gives a partial order on the set of all t-stabilities on a given triangulated category.
Therefore, some of stability data can be minimal w.r.t the order. They seem to contain the
maximal information about t-structures. We call such t-stabilities the finest.
Now we give conditions of comparability and being the finest for stability data.
Proposition 5.4. Let (Φ, {Πϕ}ϕ∈Φ, τΦ) and (Ψ, {Pψ}ψ∈Ψ, τΨ) make stability data on T . Then
1. Φ  Ψ if and only if
(i) any Φ-semistable object is Ψ-semistable,
(ii) for Πϕi ⊂ Pψi (i = 1, 2) the condition ϕ1 < ϕ2 implies ψ1 6 ψ2,
(iii) if Πϕ ⊂ Pψ, then ΠτΦ(ϕ) ⊂ PτΨ(ψ).
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2. Suppose that for each ϕ ∈ Φ we have
∀X,Y ∈ Πϕ Hom T (X,Y ) 6= 0 and Hom T (Y,X) 6= 0.
Then the t-stability (Φ, {Πϕ}ϕ∈Φ, τΦ) is the finest.
Proof. The fact that the assumption Φ  Ψ implies conditions (i)–(iii) follows immediately from
the definition. To prove the converse it is sufficient to show that each semistable subcategory
Pψ is generated by some collection of subcategories Πϕ. In other words, if Xψ ∈ Pψ has a
HN-system Xψ  (Xϕ0 , . . . ,Xϕn) w.r.t t-stability Φ, then Πϕi ⊂ Pψ for each i.
By condition (i) any Xϕi is Ψ-semistable. Therefore, we can find ψi ∈ Ψ such that Xϕi ∈ Pψi .
Since Hom 0(Xψ,Xϕ0) 6= 0 and Xϕ0 ∈ Pψ0 , we have ψ 6 ψ0 (Proposition 4.2). On the other
hand, Hom 0(Xϕn ,Xψ) 6= 0, consequently, ψn 6 ψ. Besides, ϕ0 < ϕ1 < · · · < ϕn, so (by
condition (ii)) ψ0 6 ψ1 6 · · · 6 ψn. This is possible only if ψ0 = ψn.
To verify the second statement of the proposition, we note that if (Φ, {Πϕ}ϕ∈Φ) is not the
finest, then there exists some ϕ ∈ Φ and nonempty subcategories Π−, Π+ such that Πϕ =
〈Π−,Π+〉, where Hom
60(Π+,Π−) = 0. This contradicts the assumption of the statement. 
Remark. As we shall see later, a pair of t-stabilities can satisfy the condition (i) and be
noncomparable. The second condition is significant .
As the conclusion of the section we formulate a statement that we shall use later for the
classification of bounded t-structures.
Proposition 5.5. Let T be a triangulated category with the property that for any t-stability Ψ
there exists the finest t-stability Φ  Ψ. Then for any bounded t-structure (T 60,T >0) there
exists a t-stability Φ = (Φ, {Πϕ}ϕ∈Φ) and a decomposition Φ = Φ− ⊔ Φ+ in two disjoint parts
such that:
T 60 = 〈Πϕ| ϕ ∈ Φ+〉 , T
>0 = 〈Πϕ| ϕ ∈ τ(Φ−)〉 .
Without loss of generality we can assume that Φ is one of the finest t-stabilities on T .
Proof follows directly from Lemmas 3.3 and 5.1, and assumptions of the proposition. 
6 Stability data for Db(Coh P1)
Here we study t-stabilities and bounded t-structures on the bounded derived categoryDb(CohP1)
of coherent sheaves on the projective line. At first we describe two types of the finest t-stabilities
for Db(CohP1): standard and exceptional. Then we show that any t-stability for Db(CohP1)
is weaker than either standard one or exceptional one. This enables us to classify allbounded
t-structures for Db(CohP1).
In this section we identify sheaves with 0-complexes of Db(CohP1).
6.1. Standard t-stability. It follows from Lemma 3.3, that
(
Z, {(CohP1)[i]}i∈Z
)
makes
stability data for Db(CohP1). Obviously, they are not the finest. To construct the finest t-
stability (M, {Πµ}µ∈M) 
(
Z, {(CohP1)[i]}i∈Z
)
, recall that each sheaf F on P1 decomposes in
a finite direct sum
F =
(⊕
j
Ξxj
)
⊕
(⊕
i
Ø(ni)
)
,
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where Ξxj is a torsion sheaf concentrated at the point xj, and Ø(ni) is an invertible sheaf of
degree ni. Let us define semistable subcategories as
Π(i,x) = 〈Øx[i]〉 and Π(j,n) = 〈Ø(n)[j]〉 (6.1)
with x ∈ P1, and n, i, j ∈ Z. This yields the set of slopes M = Z× (Z ⊔ P1).
Now we have to introduce a linear order on M in a way
µ > ν ⇒ Hom60(Πµ,Πν) = 0.
This condition implies:
(i, α) > (j, β) for i > j, α, β ∈ Z ⊔ P1;
(i, n) > (i,m) for n > m ∈ Z, i ∈ Z;
(i, x) > (i, n) for x ∈ P1, i, n ∈ Z.
Besides, for each i, j, q ∈ Z Hom q(Øx[i],Øy [j]) = 0 unless x = y. Thus, defining a linear order
on P1 in arbitrary way, we get the linearly ordered set M.
To prove that (M, {Πµ}µ∈M) is a t-stability it is sufficient to verify that each nonzero object
has HN-system. This directly follows from Proposition 4.3 and the fact that
CohP1[i] =
〈
Π(i,α)| α ∈ Z ⊔ P
1
〉
.
Finally, note that all the semistable subcategories Π(i,α) (α ∈ Z⊔P
1) satisfy the assumption
of Proposition 5.4 (2). Therefore the stability data (M, {Πµ}µ∈M) is the finest one.
Notice, that the t-stability (M, {Πµ}µ∈M) depends on an order on the slope set M. Hence
we have got various finest incomparable t-stabilities with the same semistable subcategories and
slopes. Each of them we shall call standard.
6.2. Exceptional t-stability. The construction of the next type of stability data is
based on Proposition 3.7. The category Db(CohP1) is generated by the exceptional collection
(Ø(k),Ø(k + 1)) (k is an arbitrary fixed integer number). Therefore we have stability data(
{0, 1}, {Πki }i∈{0,1}
)
, for each integer number k, where
Πk0 = 〈Ø(k)[j]| j ∈ Z〉 ,
Πk1 = 〈Ø(k + 1)[i]| i ∈ Z〉 .
Since Hom60(Ø(n)[i],Ø(n)[j]) = 0 for n, i, j ∈ Z whenever i > j, the t-stability defined
above is not finest. To refine it we consider semistable subcategories and slopes
Πk(i,0) = 〈Ø(k)[i]〉 , Π
k
(i,1) = 〈Ø(k + 1)[i]〉 , (i, 0); (i, 1) ∈ E = Z× {0, 1}.
We are going to refine the stability data
(
{0, 1}, {Πki }i∈{0,1}
)
to some finest
(
E ,
{
Πkε
}
ε∈E
)
.
A linear order on the set E and automorphism τ ∈ Aut E should be coordinated with the
order and the automorphism above. Therefore, we come to
(i, 0) < (j, 1);
(i, 0) < (i+ 1, 0), (i, 1) < (i+ 1, 1);
τ(i, 0) = (i+ 1, 0), τ(i, 1) = (i+ 1, 1)
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for arbitrary i, j ∈ Z.
Finally we need to obtain a finite HN-system w.r.t. E for each nonzero object X of the
derived category. Note that homological dimension of CohP1 is 1. We shall use the following
result well-known among specialists, but it seems there is no reference.
Proposition 6.3. If homological dimension of an abelian category A equals 1, then each object
X of Db(A) is isomorphic to a finite direct sum X =
⊕
i
Ai[−i], where Ai ∈ A and Ai[−i]
denotes i-complex, i.e., a complex with the unique nonzero term Ai at the place i.
For convenience of the reader we provide the proof.
Proof. Suppose X ∈ Db(A) is represented by a complex
C• = Cn
dn−→ Cn+1
dn+1
−−−→ · · · −→ Cm−1
dm−1
−−−→ Cm
such that H i(C•) = 0 for i < s and Hs(C•) 6= 0. The exact sequence of complexes
K•= Cn
dn✲ Cn+1 ✲ · · · ✲ Cs−1
ds−1✲ Im ds−1 ✲ 0
C•
❄
∩
= Cn
id❄
dn✲ Cn+1
id❄
✲ · · · ✲ Cs−1
id❄
ds−1✲ Cs
❄
∩
ds✲ Cs+1
❄
✲ · · ·
B•
❄❄
= 0
❄
✲ Bs
❄❄
d¯s✲ Cs+1
id❄
✲ · · ·
determines the distinguished triangle in Db(A)
Z
X ✛
✲
Y
✲
with Y ≃ K• and Z ≃ B•. Since the complex K• is acyclic, Y ≃ 0 (see [8]), i.e. X ≃ Z ≃ B•.
Now we shall prove the proposition by induction on the number h(B•) of nonzero cohomolo-
gies of the complex B•.
The base of induction (h = 1) was proved in [8]. Further, let us complete the inclusion
(Ker d¯s)[−s] →֒ B
• to a distinguished triangle
D•
B• ✛
✲
(Ker d¯s)[−s]
✲
. (6.2)
Since h(D•) < h(B•), we can use the induction hypothesis: D• ≃
⊕
i>s
Ai[−i] with Ai ∈ A.
Applying to the triangle the functor Hom (·, (Ker d¯s)[−s]), we get exact sequence
Hom 0(B•, (Ker d¯s)[−s]) −→ Hom
0((Ker d¯s)[−s], (Ker d¯s)[−s]) −→
−→
⊕
i>s
Hom 1(Ai[−i], (Ker d¯s)[−s]).
It follows from the inequality i > s that q = 1 + i− s > 2 and we have
Hom 1(Ai[−i], (Ker d¯s)[−s]) = Ext
q
A(Ai,Ker d¯s).
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On the other hand, homological dimension of A equals 1, so
⊕
i>s
Hom 1(Ai[−i], (Ker d¯s)[−s]) = 0
and the triangle (6.2) splits. This completes the proof. 
In addition, as we already marked, a sheaf on P1 is direct sum of invertible sheaves and
torsion sheaves with support at point. Besides, the shift of the derived category acts on the set
of distinguished triangles. Therefore, according to Proposition 4.3, it is sufficient to construct
HN-system for an invertible sheaf Ø(n) and a torsion sheaf Ξx concentrated at a point x. The
needed HN-filtrations are obtained from the exact sequences3
0 −→ (n− k − 1)Ø(k) −→ (n− k)Ø(k + 1) −→ Ø(n) −→ 0, if n > k + 1,
0 −→ Ø(n) −→ (k − n+ 1)Ø(k) −→ (k − n)Ø(k + 1) −→ 0, if n < k,
0 −→ dØ(k) −→ dØ(k + 1) −→ Ξx −→ 0 where d = deg Ξx,
and they have the form
(n − k − 1)Ø(k)[1]
Ø(n) ✛
✲
(n− k)Ø(k + 1)
✲
if n > k + 1, (6.3)
(k − n+ 1)Ø(k)
Ø(n) ✛
✲
(k − n)Ø(k + 1)[−1]
✲
if n < k, (6.4)
dØ(k)[1]
Ξx ✛
✲
dØ(k + 1)
✲
. (6.5)
Thus, we have got the finest stability data
(
E ,
{
Πkε
}
ε∈E
)
(see Prop. 5.4).
As we saw before, changing an order of the slopes set, one can get another t-stability. Let
us research this possibility for the stability data
(
E ,
{
Πkε
}
ε∈E
)
. Any linear order on the set E
must satisfy the conditions
ε′′ < ε′ ⇒ Hom60(Πkε′ ,Π
k
ε′′) = 0, (6.6)
(j′, i′) < (j′′, i′′) ⇔ (j′ + 1, i′) < (j′′ + 1, i′′) for (j′, i′), (j′′, i′′) ∈ E . (6.7)
Identifying the set E with generators of the semistable subcategories, we see that the first
condition implies
Ø(k)[i] < Ø(k)[j] and Ø(k + 1)[i] < Ø(k + 1)[j] whenever i < j.
On the other hand, HN-system (6.4) yields Ø(k) < Ø(k + 1)[−1]. Therefore due to the second
condition we have
Ø(k)[i] < Ø(k + 1)[i − 1] ∀ i ∈ Z.
3When X is an object of an additive category we use notation mX for the object X⊕m.
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Now, using the transitivity of an order, we see that linear orders on E , satisfying (6.6) and (6.7),
depend on a parameter p ∈ N ∪ {0,+∞} = N¯ and have the form
Ø(k)[i + p] < Ø(k + 1)[i − 1] < Ø(k)[i+ p+ 1] ∀ i ∈ Z, if p ∈ N ∪ {0},
Ø(k)[i] < Ø(k + 1)[j] ∀ i, j ∈ Z, if p = +∞.
Let us denote the set E with the order corresponding to p ∈ N¯ by Ep. Since the existence of
finite HN-system for each object of Db(CohP1) is obvious, we conclude that
(
Ep, {Π
k
ε}ε∈Ep
)
are
the finest stability data. We call them exceptional.
6.4. The set of all stability data for Db(Coh P1). In this subsection we prove the
following classification result.
Theorem 6.5. Any finest t-stability on Db(CohP1) is either a standard one or an exceptional
one, thus one of the finest t-stabilities constructed in the previous sections.
Proof. Let (Φ, {Πϕ}ϕ∈Φ) be a t-stability on D
b(CohP1) that incomparable with any standard
one. We show that (Φ, {Πϕ}ϕ∈Φ) is weaker then one of the exceptional stabilities.
Recall that the standard stability data (M, {Πµ}µ∈M) depends on a linear order on M in
the notations of Subsection 6.1. Suppose everyM-semistable object is Φ-semistable. Since each
possible linear order on M gives one of the standard t-stabilities, we obtain that Φ is weaker
then M. Therefore if Φ is not comparable with M, then there exists a M-semistable object
that is not Φ-semistable. By definition semistable subcategories are closed under extension.
Consequently, without loss of generality, we can assume such M-semistable object is one of the
generators of Πµ: Øx[i] or Ø(n)[i].
Let X be one of the generators. Since X is not Φ-semistable, it has a nontrivial HN-system
w.r.t. Φ. Consider the first distinguished triangle of the system
Xϕ0
X ✛
f ✲
F 1X
✲
. (6.8)
We know that Xϕ0 is Φ-semistable and
Hom60(F 1X,Xϕ0) = 0. (6.9)
The shift of the derived category acts on the set of all distinguished triangles and on semistable
subcategories. Besides the condition (6.9) is invariant under the shift too. Thus, we can assume
that X is either Øx or Ø(n).
We need the following lemma.
Lemma 6.6. Let X ∈ Db(CohP1) is Ox or Ø(n), then there exists k ∈ Z such that the dis-
tinguished triangle (6.8), satisfying the condition (6.9), is isomorphic to one of 4 the triangles
(6.3)–(6.5).
Since the distinguished triangle (6.8) is the first triangle of HN-system, we obtain that
x0Ø(k)[0] or x0Ø(k)[1] is Φ-semistable for some natural x0. Using Corollary 4.5 and Definition
4We identify each sheaf X ∈ CohP1 with 0-complex X[0] ∈ Db(CohP1).
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3.1, we conclude that the objects Ø(k)[i] are Φ-semistable for all i ∈ Z, and the distinguished
triangle (6.8) should have the form
x0Ø(k)[j]
X ✛
✲
y1Ø(k + 1)[j − 1]
✲
, (6.10)
where x0, y1 are natural numbers and j = 0, 1.
Let us show, that y0Ø(k+1)[j−1] is Φ-semistable as well. Suppose not, then the HN-system
for X continues:
x0Ø(k)[j] Xϕ1
X ✛
✲
y0Ø(k + 1)[j − 1] ✛
✲
✲
F 2X
✲
It follows from the definition of HN-system and Proposition 4.2, that
Hom60(F 2X,Xϕ1) = 0, (6.11)
Hom60(Xϕ1 , x0Ø(k)[j]) = 0. (6.12)
The condition (6.11) and Lemma 6.6 allow us to conclude, that there exist an integer m and
natural numbers x1, y2 such that
either Xϕ1 = x1Ø(m)[j − 1], F
2X = y2Ø(m+ 1)[j − 2], if k < m− 1,
or Xϕ1 = x1Ø(m)[j], F
2X = y2Ø(m+ 1)[j − 1], if k > m.
In the first case (k < m− 1)
Hom 0(Xϕ1 , x0Ø(k)[j]) = Ext
1
CohP1(x1Ø(m), x0Ø(k)) 6= 0.
This contradicts (6.12). In the second one (k > m)
Hom 0(Xϕ1 , x0Ø(k)[j]) = Hom CohP1(x1Ø(m), x0Ø(k)) 6= 0.
This contradicts (6.12) again.
Thus there cannot be the continuation of the HN-system, whence y0Ø(k + 1)[j − 1] is
Φ-semistable. Hence for any j ∈ Z the object Ø(k + 1)[j] is Φ-semistable.
In such a way, we got Φ-semistable objects Ø(k)[i] and Ø(k+1)[i] (i ∈ Z). Considering more
fine stability data (if necessary), we can assume that 〈Ø(k)[i]〉 and 〈Ø(k + 1)[i]〉 are Φ-semistable
subcategories. Let us show that each Φ-semistable object belongs to one of them.
Indeed, any object X of the derived category Db(CohP1) could be decomposed into a direct
sum of i-complexes Xi[i] (Prop. 6.3), where Xi is a direct sum of invertible sheaves and torsion
sheaves concentrated each in one point. Each these direct summand of X has HN-system
w.r.t. Φ with Ø(k)[i] and Ø(k + 1)[i] as quotients (see (6.3)–(6.4)). Therefore, according to
Proposition 4.3, one can construct HN-system for any object X with only objects aØ(k)[i],
bØ(k + 1)[i] as quotients. Now, it follows from the uniqueness of the HN-system that only
objects x0Ø(k)[i] and x1Ø(k+1)[i] are Φ-semistable. Consequently the collection of Φ-semistable
subcategories coincides with the such collection for some exceptional t-stability.
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The action of the shift on the Φ-semistable subcategories is uniquely determined. Finally, any
admissible linear order on the collection of Φ-semistable subcategories gives us the exceptional
t-stability. This concludes the proof of the theorem. 
Corollary 6.7. Stability data on Db(CohP1) is weaker then either the standard or the exceptional
t-stability.
Proof of Lemma 6.6. We start with an observation.
Remark 6.8. Suppose in the triangle (6.8) Xϕ0 = X1 ⊕X2 and f = f1 ⊕ f2, where
fi ∈ Hom (X,Xi). If f2 = 0, then F
1X = Y ⊕X2 and Hom
60(F 1X,Xϕ0) 6= 0.
Let X from triangle (6.8) be one of the objects Øx[0] or Ø(n)[0]. Taking into account
Proposition 6.3 and the previous remark, we can assume that
Xϕ0 = X0[0]⊕X1[1] with Xi ∈ CohP
1,
f = f0 ⊕ f1 with f0 ∈ Hom CohP1(X,X0),
f1 ∈ Ext
1
Coh P1(X,X1),
fi = 0 ⇔ Xi = 0.
Then F 1X is isomorphic to C[−1], where C is the cone of the morphism f .
Consider the extension corresponding to f1 ∈ Ext
1
CohP1(X,X1):
0 −→ X1 −→ E
d−1
−−→ X −→ 0. (6.13)
The object X1[1] is isomorphic to the complex
0 −→ E
d−1
−−→ X −→ 0,
and the morphism f1 can be represented as the morphism of the complexes
0 ✲ X ✲ 0
0 ✲ E
❄
d−1✲ X
idX❄
✲ 0
❄
.
Hence the morphism f : X −→ X0[0] ⊕X1[1] is following:
0 ✲ X ✲ 0
0 ✲ E
❄
d−1⊕0✲ X ⊕X0
idX⊕f❄
✲ 0
❄
.
The cone of this morphism is the complex
0 −→ X ⊕ E
δ−1
−−→ X ⊕X0 −→ 0,
where δ−1 one can write as the matrix
δ−1 =
(
idX d−1
f0 0
)
.
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The cone complex is isomorphic to (Ker δ−1)[1] ⊕ (Coker δ−1)[0] in the derived category.
Consider the commutative diagram in the abelian category CohP1.
0 0 0
0 ✲ X1
❄
✲ E
❄
d−1 ✲ X
❄
✲ 0
0 ✲ Ker δ−1
❄
✲ X ⊕ E
❄
δ−1✲ X ⊕X0
❄
✲ Coker δ−1
❄
✲ 0
0 ✲ Ker f0
❄
✲ X
❄
f0 ✲ X0
❄
✲ Coker f0
❄
✲ 0
0
❄
0
❄
0
❄
0
❄
.
We obtain that Coker δ−1 = Coker f0 and the condition (6.9) has the form
Hom60
(
(Ker δ−1)[0]⊕ (Coker f0)[−1], X0[0]⊕X1[1]
)
= 0,
whence
Hom60
(
(Ker δ−1)[0], X0[0]
)
= 0, (6.14)
Hom60
(
(Ker δ−1)[0], X1[1]
)
= 0. (6.15)
Assume that X = Øx and X0 6= 0. Then Ker f0 = 0, i.e. Ker δ−1 = X1. This contradicts
(6.15). Therefore X0 = 0 and the triangle is obtained from the exact sequence (6.13). In partic-
ular, C[−1]=E. So, the condition (6.9) means Hom60(E,X1[1]) = 0, i.e. Hom CohP1(E,X1)=0
and Ext 1CohP1(E,X1) = 0. Besides, by construction, Hom Coh P1(X1, E) 6= 0. Now the proof in
the case X = Øx follows from the remark:
Remark 6.9. If sheaves E and X1 on P
1 satisfy the conditions
Hom CohP1(E,X1) = 0, Ext
1
CohP1(E,X1) = 0, Hom CohP1(X1, E) 6= 0,
then there exist an integer k and natural numbers e, x1 such that E = eØ(k+1), X1 = x1Ø(k).
Proof is left to the reader. 
To continue consider X = Ø(n). Suppose at first that neither X0 6= 0 nor X1 6= 0. Then X1
has an invertible direct summand L, since in the converse case f1 = 0, i.e. X1 = 0 (see Rem.
6.8). Hence Ker δ−1 has an invertible direct summand L
′ as well.
Assuming Ker f0 = 0, we get Ker δ−1 = X1, which contradicts (6.15). Therefore Ker f0 6= 0,
i.e. Im f0 is a torsion sheaf, and X0 has a nonzero torsion T . Nevertheless the fact that the
space Hom CohP1(L
′, T ) 6= 0 contradicts (6.14). Thus in the case X = Ø(n) we have
either X1 = 0 or X0 = 0.
If X1 = 0 the triangle (6.8) is obtained from the exact sequence
0 −→ Ker f0 −→ Ø(n)
f0
−→ X0 −→ Coker f0 −→ 0
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and has the form
X0[0]
Ø(n) ✛
f0✲
(Ker f0)[0]⊕ (Coker f0)[−1] .
✲
(6.16)
The condition (6.9) gives
Hom60((Ker f0)[0],X0[0]) = 0, (6.17)
Hom60((Coker f0)[−1],X0[0]) = 0. (6.18)
As above, the assumption Ker f0 6= 0 contradicts (6.17). Therefore Ker f0 = 0. Furthermore,
the condition (6.18) and Remark 6.8 imply that the triangle (6.16) is isomorphic to (6.4) for
some integer k > n.
Finally suppose X0 = 0. Then the triangle (6.8) is obtained from the exact sequence
0 −→ X1 −→ E
d−1
−−→ Ø(n) −→ 0
and has the form
X1[1]
Ø(n) ✛
f1✲
E
✲
(6.19)
with Hom60(E,X1[1]) = 0. Using Remark 6.9 again, we get that the triangle (6.19) is isomorphic
to (6.3) for an integer k < n− 1. This completes the proof of the lemma. 
6.10. Classification of t-structures on Db(Coh P1). In this subsection we give
the list of all bounded t-structures on the bounded derived category of coherent sheaves on P1.
Notice that the group Aut(Db(CohP1)) of autoequivalences of the category acts on t-structures
and we write only representatives of t-structures modulo this action. According to [4] the group
Aut(Db(CohP1)) is generated by the shift, the automorphisms group of P1 and Picard’s group
PicP1.
As it is well-known, a t-structure (D>0,D60) is uniquely reconstructed by any its half.
Therefore we shall indicate both parts of a t-structure only if the reconstruction is not obvious.
The first series of t-structures is obtained from the standard t-stability (Subsection 6.1)
(M, {Πµ}µ∈M).
We start with the tautological t-structure of the derived category:
A60 =
〈
(CohP1)[j], j > 0
〉
.
Its core5 is A0 = CohP1. This could be shown on a picture.
5Here and further on we denote the core of a t-structure (D>0, D60) by D0.
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. . . Ø[−1] . . . . . . Ø(−1)[0]Ø[0]Ø(1)[0] . . . Øx[0] . . .︸ ︷︷ ︸
CohP1[0]
. . . Ø(−1)[1]Ø[1] . . .
A60A>0
The next three t-structures are defined by torsion pairs. Recall the definitions and some
results from [12, 5].
Let A be an abelian category. A pair (A1,A0) of full subcategories in A is called a torsion
pair , if Hom (A1,A0) = 0 and every object A ∈ A fits in a unique exact sequence
0 −→ A1 −→ A −→ A0 −→ 0
with Ai ∈ Ai. A torsion pair (A1,A0) is cotilting , if any object in A is a quotient of an object
in A0.
The torsion pair (A1,A0) defines a t-structure on D
b(A) by
pDb(A)60 = {A ∈ Db(A)60| H0(A) ∈ A1},
pDb(A)>0 = {A ∈ Db(A)>−1| H−1(A) ∈ A0}.
By definition the tilting pA of A w.r.t. (A1,A0) is the core of this t-structure. In the case when
the torsion pair (A1,A0) is cotilting, the derived categories coincide: D(
pA) = D(A).
For Db(CohP1) we have the following cotilting torsion pairs and t-structures.
B0 = 〈Ø(n), n < 0〉 , B1 =
〈
Ø(n), n > 0; Øx, x ∈ P
1
〉
,
B60 =
〈
Ø(n)[i], n > 0, i > 0; Øx[i], x ∈ P
1, i > 0; Ø(n)[j], n < 0, j > 1
〉
,
B0 =
〈
Ø(n)[0], n > 0; Øx[0], x ∈ P
1; Ø(n)[1], n < 0
〉
.
. . . Ø[−1] . . . . . . Ø(−1)[0]Ø[0]Ø(1)[0] . . . Øx[0] . . .︸ ︷︷ ︸
CohP1[0]
. . . Ø(−1)[1]Ø[1] . . .
B60B>0
C0 = 〈Ø(n), n ∈ Z〉 , C1 =
〈
Øx, x ∈ P
1
〉
,
C60 =
〈
Øx[i], x ∈ P
1, i > 0; Ø(n)[j] n ∈ Z, j > 1
〉
,
C0 =
〈
Øx[0], x ∈ P
1; Ø(n)[1], n ∈ Z
〉
.
. . . Ø(−1)[0]Ø[0] . . . . . . Øx[0] . . .︸ ︷︷ ︸
torsion sheaves
. . . Ø(−1)[1]Ø[1] . . . . . . Øx[1] . . .︸ ︷︷ ︸
torsion sheaves
. . .
C60C>0
The last cotilting torsion pair for CohP1 depends on an arbitrary nonempty subset P ⊂ P1.
D(P )0 = 〈Øx, x ∈ P 〉 , D(P )1 = 〈Øy, y /∈ P ; Ø(n), n ∈ Z〉 ,
D(P )60 =
〈
Øx[i], x ∈ P, i > 0; X[j], X ∈ CohP
1, j > 1
〉
,
D(P )0 = 〈Øx[0], x ∈ P ; Øy[1], y /∈ P ; Ø(n)[1], n ∈ Z〉 .
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. . . . . . Øy[0] . . .︸ ︷︷ ︸
y∈P1\P
. . . Øx[0] . . .︸ ︷︷ ︸
x∈P
. . . Ø[1] . . . . . . Øy[1] . . .︸ ︷︷ ︸
y∈P1\P
. . . Øx[1] . . .︸ ︷︷ ︸
x∈P
. . .
D(P )60D(P )>0
It is obvious that t-structures D(P ) ∼ D(P ′) modulo AutDb(CohP1) iff P ′ = ϕ(P ) for some
ϕ ∈ AutP1.
The following t-structures are induced by the exceptional stability data
(
Ep,
{
Π0ε
}
ε∈Ep
)
(see
Subsection 6.2), where ordering, as we already know, depends on p ∈ N¯. They are sorted into
two groups: bounded (E(p) and F(p)) and unbounded (G, H, and I), and defined as follows.
E(p)60 = 〈Ø[i], i > p; Ø(1)[j], j > −2〉 ,
E(p)0 = 〈Ø(p)[0], Ø(1)[−2]〉 ,
where p is a nonnegative integer.
. . . Ø[p− 1]Ø(1)[−2]Ø[p] Ø(1)[−1]Ø[p + 1]Ø(1)[0] . . .
E(p)60
E(p)>0
F(p)60 = 〈Ø[i], i > p; Ø(1)[j], j > −1〉 ,
F(p)0 = 〈Ø(p)[0], Ø(1)[−1]〉 ,
where p is a nonnegative integer.
. . . Ø[p− 1]Ø(1)[−2]Ø[p] Ø(1)[−1]Ø[p + 1]Ø(1)[0] . . .
F(p)60
F(p)>0
G60 = 〈Ø[i], i > 0; Ø(1)[j], j ∈ Z〉 ,
G>0 = 〈Ø[i], i 6 0〉 ,
G0 = 〈Ø[0]〉 .
. . . Ø[−1]Ø[0]Ø[1] . . .︸ ︷︷ ︸
Ø[j], j∈Z
. . .Ø(1)[−1]Ø(1)[0]Ø(1)[1] . . .︸ ︷︷ ︸
Ø(1)[j], j∈Z
G60G>0
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H60 = 〈Ø(1)[j], j > 0〉 ,
H>0 = 〈Ø[i], i ∈ Z; Ø(1)[j] , j 6 0〉 ,
H0 = 〈Ø(1)[0]〉 .
. . . Ø[−1]Ø[0]Ø[1] . . .︸ ︷︷ ︸
Ø[j], j∈Z
. . .Ø(1)[−1]Ø(1)[0]Ø(1)[1] . . .︸ ︷︷ ︸
Ø(1)[j], j∈Z
H60H>0
I60 = 〈Ø(1)[j], j ∈ Z〉 ,
I>0 = 〈Ø[i], i ∈ Z〉 ,
I0 = 〈0〉 .
. . . Ø[−1]Ø[0]Ø[1] . . .︸ ︷︷ ︸
Ø[j], j∈Z
. . .Ø(1)[−1]Ø(1)[0]Ø(1)[1] . . .︸ ︷︷ ︸
Ø(1)[j], j∈Z
I60I>0
Remark 6.11. It can be easily checked that the cores of the t-structures induced by the excep-
tional stability data are following:
• E(p)0 ∀p > 0 and F(p)0 ∀p > 1 are equivalent to direct sum of the categories of vector
spaces Vect⊕ Vect;
• F(0)0 is equivalent to the category of the quiver q q❥✯ representations;
• G0 and H0 are equivalent to Vect; and
• I0 is the zero category.
Since the category Vect is splitting, in the case of t-structures induced by the exceptional stability
data only for A = F(0)0 the derived category Db(A) is equivalent to Db(CohP1) (see [3]).
Now we recall, that a given bounded t-structure on Db(CohP1) induces weak stability data
(Lemma 3.3). By Corollary 6.7 this t-stability is weaker either the standard (M) one or the
exceptional (E) one. Therefore according to Proposition 5.5 any given bounded t-structure can
obtained by subdividing the slope set M or E in two disjoint parts. Thereby we proved the
following theorem.
Theorem 6.12. The defined above t-structures A — F(p) are the only bounded t-structures on
Db(CohP1) modulo the group of autoequivalences of the category.
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7 Stability data for a curve of positive genus
In this section we study stability data for the bounded derived category of coherent sheaves on a
smooth curve Cg of a positive genus g. We denote the triangulated category D
b(CohCg) by Tg.
At first we define the set of standard stability structures extending the Mumford–Takemoto
stability. Then we show that a t-stability for Tg is induced by a stability on the abelian category
CohCg. In the case of elliptic curve C1 we prove that there exists a unique type of the finest
t-stability on T1. Namely, the standard t-stability depending on ordering Q¯ copies of the curve.
Finally we list all bounded t-structures on T1.
It was shown in Proposition 3.4 that a t-stability on a derived category of an abelian category
A can be constructed as an extension of a stability on A. For the abelian category A we may
define stability structure via a positive base of K∗0 (A) (Definition 2.3). In the case A = CohCg
the base (rk,deg) (rk is rank and deg is degree of a sheaf) is positive. So we have a slope γ(F )
for every sheaf F ∈ CohCg, where
γ(F ) =
{
1
pi
arcctg
(
−deg FrkF
)
when rkF 6= 0,
1 otherwise.
Since arcctg x is a strictly decreasing function, this slope is equivalent to
µ¯(F ) =
{
degF
rkF when rkF 6= 0,
+∞ otherwise.
Recall that in these terms a sheaf E is µ¯-semistable, if for any 0 6= F ⊂ E the inequality
µ¯(F ) 6 µ¯(E) is valid. Therefore, any torsion sheaf is µ¯-semistable, and a torsion free sheaf on
Cg is µ¯-semistable if and only if it is MT-semistable (for Mumford–Takemoto stability).
We shall use the notation Q¯ for the slope set Q ⊔ {+∞} with the natural order. Thus we
obtain the stability
(
Q¯, {Πq}q∈Q¯
)
for the abelian category CohCg and, furthermore, a t-stability
for the derived category Tg. It is clear that the constructed t-stability is not the finest.
Let us refine Q¯. Note that for every rational number q = d
r
with coprime d 6= 0 and r > 0 (or
d = 0, r = 1) there exists a bundle on Cg of rank r and degree d that is stable w.r.t. Mumford–
Takemoto stability. Denote the set of all such MT-stable bundles by Mq. It is well-known, that
for F,G ∈ Mg Hom (F,G) = Hom (G,F ) = 0 whenever F 6= G. If in addition we denote
by M∞ the curve Cg parameterizing torsion sheaves Øx, we obtain the set Mg of semistable
subcategories Π(q,F ) = 〈F 〉, where q ∈ Q¯, and F ∈ Mq. Choosing a linear order on each Mq
in arbitrary way and extending lexicographically the orders to an order on Mg, we construct
the finest stability
(
Mg, {Πµ}µ∈Mg
)
on the abelian category CohCg (because the existence of
Harder–Narasimhan filtration is obvious).
Furthermore, introducing as the slope set D(Mg) = Z ×Mg with its lexicographic order
and defining as the semistable subcategories Π(i,q,F ) = 〈F [i]〉, where F ∈ Mq, we get the finest
stability data on Tg (Proposition 3.4 and Proposition 5.4). We shall call various t-stabilities
obtained this way the standard t-stabilities.
Note that in the case of an elliptic curve C1 any set M r
d
of MT-semistable sheaves with
coprime r and d consists of indecomposable simple bundles and is naturally isomorphic to C1
([1]). Therefore the slope setM1 of a standard stability on CohC1 is the direct product Q¯×C1.
Further, we prove the following proposition.
Proposition 7.1. Any a t-stability on Db(CohCg) for g > 0 is induced by a stability on CohCg.
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Proof. Since homological dimension of CohCg is 1, the proposition is true iff any sheaf E ∈
CohCg considered as a 0-complex has a HN-system (w.r.t. the t-stability) E  (Eϕ0 , . . . , Eϕn)
such that Eϕi ∈ CohCg ∀ i.
Let us consider a distinguished triangle
X
E ✛
f ✲
Y
✲
(7.1)
with
Hom60(Y,X) = 0. (7.2)
To verify that all quotients of HN-system for a sheaf are sheaves as well, it is sufficient to show
that the objects X and Y from the triangle are sheaves, whenever E is.
Now the proposition immediately follows from the following lemma.
Lemma 7.2. Suppose E ∈ CohCg is included in the triangle (7.1), satisfying the condition
(7.2). Then X,Y ∈ CohCg and Hom CohCg(Y,X) = 0.
Proof of the lemma. Since homological dimension of Tg equals 1, taking into account Remark
6.8 we can assume that X = X0[0] ⊕ X1[1], where X0, X1 ∈ CohCg, and f = f0 ⊕ f1 with
f0 ∈ Hom CohCg (E,X0), f1 ∈ Ext
1
CohCg
(E,X1). Moreover, the condition fi=0 is equivalent to
Xi = 0.
Consider the extension
0 −→ X1 −→ G
d−1
−−→ E −→ 0, (7.3)
corresponding to f1, and realize the object X1[1] as a complex G
d−1
−−→ E. Then f1 can be
represented as the morphism of complexes:
0 −→ E
↓ ↓ idE
G
d−1
−−→ E
.
Hence the direct sum of maps f0 ⊕ f−1 is the morphism:
0 −→ E
↓ ↓ idE⊕f0
G
d−1
−−→ E ⊕X0
.
A cone C(f0 ⊕ f1) becomes equal to a complex of the form
E ⊕G
δ−1
−−→ E ⊕X0,
where δ−1 is determined by the matrix (
idE d−1
f0 0
)
.
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Now it follows from the commutative diagram
0 0 0
↓ ↓ ↓
0 −→ X1 −→ G
d−1
−−→ E −→ 0
↓ ↓ ↓ ↓
0 −→ H−1 −→ E ⊕G
δ−1
−−→ E ⊕X0 −→ H
0 −→ 0
↓ ↓ ↓ ↓
0 −→ Ker f0 −→ E
f0
−→ X0 −→ Coker f0 −→ 0
↓ ↓ ↓ ↓
0 0 0 0
that the cone C(f0 ⊕ f1) is isomorphic to H
−1[1] ⊕ Coker f0[0]. In this notation the condition
(7.2) can be rewritten as
Hom60(H−1[0]⊕ Coker f0[−1],X0[0]⊕X1[1]) = 0.
In particular,
Hom 0(Coker f0[−1],X0[0]) = Ext
1
CohCg(Coker f0,X0) = 0, (7.4)
Hom 0(H−1[0],X1[1]) = Ext
1
CohCg(H
−1,X1) = 0. (7.5)
By definition of a cokernel we have that Hom CohCg (X0,Coker f0) 6= 0 unless Coker f0 = 0.
On the other hand, the canonical divisor Kg on a curve of positive genus is either zero (g = 1)
or effective (g > 1). Therefore, Hom CohCg (X0,Coker f0(Kg)) 6= 0 also. Whence by Serre duality
theorem we get that Ext 1CohCg (Coker f0,X0) 6= 0. This contradicts the condition (7.4), and we
conclude that Coker f0 = 0.
We see from the commutative diagram that in the caseX1 6= 0 the space Hom CohCg (X1,H
−1)
is not trivial, consequently Hom CohCg (X1,H
−1(Kg)) 6= 0. Using Serre duality theorem again
we obtain Ext 1CohCg (H
−1,X1) 6= 0, which contradicts the condition (7.5). Thus X1 = 0 and the
triangle (7.1) reduces to
X0
E ✛
f0 ✲
Ker f0
✲
.
This completes the proofs of the lemma and the proposition. 
As a corollary of the proposition we get the following theorem.
Theorem 7.3. Any stability data (Φ, {Πϕ}ϕ∈Φ) on the bounded derived category T1 of co-
herent sheaves on a smooth elliptic curve C1 one can refine to one of the standard stabilities(
D(M1), {Πµ}µ∈D(M1)
)
. In particular, any finest t-stability on T1 is standard.
Proof. Since any stability data on T1 is induced by a stability on CohC1, it is sufficient to
show, that each indecomposable sheaf E (a generator of a standard semistable subcategory) is
Φ-semistable. Suppose that it is not true. Then by Lemma 7.2 the sheaf E is included in an
exact sequence
0 −→ Y −→ E −→ X −→ 0
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with Hom CohCg (Y,X) = 0. It follows from Serre duality theorem that Ext
1
CohCg
(X,Y ) = 0.
Therefore the exact sequence splits and E = X ⊕ Y . 
Finally, using various admissible decompositions of the slope set M1, we list all bounded
t-structures on T1 modulo the group AutT1. Each of them is determined by a cotilting torsion
pair. Therefore we shall describe only the pairs.
Let X denotes an indecomposable simple sheaf on C1. Denote by I the union of rational
numbers from the segment [0, 1) with {∞}. Then each q ∈ I and a subset P ⊂Mq ≃ C1 of the
moduli space of slope q MT-stable sheaves on C1 (may be empty) give the cotilting torsion pair(
A(q, P )1, A(q, P )0
)
, where
A(q, P )0 = 〈X| µ¯(X) < q or µ¯(X) = q and X ∈ P 〉 ,
A(q, P )1 = 〈X| µ¯(X) > q or µ¯(X) = q and X /∈ P 〉 .
Note that the standard t-structure is obtained when q = 0 and P = ∅.
Thus we have the theorem.
Theorem 7.4. Any bounded t-structure on the bounded derived category Db(CohC1) of coherent
sheaves on a smooth elliptic curve (modulo Autb(CohC1)) is determined by one of the cotilting
torsion pairs
(
A(q, P )1, A(q, P )0
)
described above.
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